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ABSTRACT 
Population projections are simply extrapolations of demo- 
graphic patterns that have remained constant in the past into 
the future. This observation by Keyfitz simultaneously pro- 
vides a philosophical base for forecasting techniques and sets 
off a search for demographic patterns. We begin with a dis- 
cussion of the reasons for disaggregate projections, how the 
reasons effect data requirements, and how models relieve the 
strain. The next section discusses advances in demographic 
models, especially extensions of the relational methods developed 
by Brass. Finally, we discuss how time-series models, in con- 
junction with model patterns, can be used to make forecasts 
with appropriate confidence intervals. The paper motivates the 
techniques through examples of Swedish life tables, and de- 
scribes appropriate mathematical properties for projection 
models. 
ADVANCES I N  NATHEMATICAL MODELS FOR 
POPUTIATION PROJECTIONS 
INTRODUCTION 
P o p u l a t i o n  p r o j e c t i o n s  are s imply  e x t r a p o l a t i o n s  o f  demo- 
g r a p h i c  p a t t e r n s  t h a t  have  remained c o n s t a n t  i n  t h e  p a s t .  T h i s  
s i m p l e  o b s e r v a t i o n  of  Nathan ~ e ~ f i t z '  s i m u l t a n e o u s l y  p r o v i d e s  a  
p h i l o s o p h i c a l  b a s e  t h 3 t  moves f o r e c a s t i n g  from t h e  realm o f  c r y s -  
t a l  b a l l s  t o  t h a t  o f  modern computers ,  and sets o f f  a s c i e n t i f i c  
s e a r c h  f o r  demographic p a t t e r n s  t o  improve o u r  a b i l i t y  t o  f o r e -  
cast t h e  f u t u r e .  
  ore casters must c o n s i d e r  two s o r t s  o f  p a t t e r n s ;  a g e  p a t t e r n s  
and t empora l  p a t t e r n s .  The f i r s t  i n v o l v e s  r e l a t i o n s h i p s  between 
s i m u l t a n eous  demographic v a r i a b l e s ,  such  as m o r t a l i t y  rates f o r  
v a r i o u s  ages .  I n  a p p l y i n g  p o p u l a t i o n  dynamics t o  f o r e c a s t i n g ,  
demographers have  l e a r n e d  t o  d i s a g g r e g a t e  d a t a .  But  d i s agg rega -  
t i o n  r e q u i r e s  d e t a i l e d  d a t a  t h a t  i s  o f t e n  e i t h e r  n o t  r e l i a b l e ,  o r  
n o t  a v a i l a b l e .  The development o f  model s c h e d u l e s  h e l p s  t o  f i l l  
t h i s  gap.  ~ o d e l '  s-chedules a b s t r a c t  t h e  p a t t e r n  o f ,  s a y ,  age- 
s p e c i f i c  f e r t i l i t y  r a t e s  t h a t  i s  common t o  a l l  p o p u l a t i o n s .  
The second t y p e  o f  p a t t e r n  c o n c e r n s  how v a r i a b l e s  change 
o v e r  t i m e .  F o r e c a s t i n g  would be  s i m p l e  i f  a l l  key v a r i a b l e s  
changed a c c o r d i n g  t o  a  s i m p l e  p a t t e r n .  P a r t  o f  t h e  r e a s o n  f o r  
d i s a g g r e g a t i o n  i s  t o  f i n d  s i m p l e - t r e n d s  a t  low l e v e l s  o f  aggre-  
g a t i o n  t h a t  do  n o t  a p p e a r  a t  h i g h e r  l e v e l s .  
Trends ,  t o o ,  a r e  o f  two t y p e s .  Most b a s i c a l l y ,  f o r e c a s t e r s  
t r y  t o  i d e n t i f y  demographic v a r i a b l e s  t h a t  grow l i n e a r l y ,  o r  p e r -  
haps  e x p o n e n t i a l l y ,  and e x t r a p o l a t e  t h e s e  i n t o  t h e  f u t u r e .  On 
a n o t h e r  l e v e l ,  f o r e c a s t e r s  must a l s o  c o n s i d e r  t h e  t i n e  p a t t e r n  
o f  v a r i a n c e s  and c o v a r i a n c e s  o f  demographic v a r i a b l e s  i n  o r d e r  
t o  c o n s t r u c t  c o n f i d e n c e  i n t e r v a l s  f o r  p o p u l a t i o n  f o r e c a s t s .  
Modern methods o f  t i m e  ser ies  a n a l y s i s  h e l p  i d e n t i f y  b o t h  t r e n d s  
and t h e  c o v a r i a n c e  s t r u c t u r e  o f  o b s e r v a t i o n s  i n  t ime .  
T h i s  p a p e r  b e g i n s  w i t h  a  d i s c u s s i o n  o f  t h e  r e a s o n s  f o r  d i s -  
a g g r e g a t e  models ,  and how t h e y  a f f e c t  d a t a  needs .  The n e x t  sec- 
t i o n  d i s c u s s e s  some new t o o l s  f o r  s p e c i f y i n g  model p a t t e r n s  i n  
m o r t a l i t y  d a t a ,  e s p e c i a l l y  t h e  r e l a t i o n a l  methods p i o n e e r e d  by 
Wi l l i am Brass, and t h e i r  e x t e n s i o n s .  A s  a n  example o f  t h e s e  
t e c h n i q u e s ,  t h e  p a p e r  makes and e v a l u a t e s  f o r e c a s t s  o f  Swedish 
l i f e  t a b l e s .  The f o l l o w i n g  s e c t i ~ n  d i s c u s s e s  s imilar  methods 
f o r  f e r t i l i t y  f o r e c a s t s ,  and  t h e n t h e  p a p e r  c ~ n s i d e r s  t h e  ro le  o f  
t i m e  series a n a l y s i s ,  which,  i n  c o n j u n c t i o n  w i t h  model p a r a m e t e r s ,  
l e a d s  t o  f o r e c a s t s  w i t h  a p p r o p r i a t e  c o n f i d e n c e  i n t e r v a l s .  
Although p r o d u c e r s  o f  p o p u l a t i o n  p r o j e c t i o n s  f r e q u e n t l y  d i s -  
t i n g u i s h  t h e i r  work from p r e d i c t i o n s  o f  f o r e c a s t s ,  u s e r s  d o  n o t  
a lways  u n d e r s t a n d  t h e  d i s t i n c t i o n .  Throughout  t h i s  p a p e r ,  t h e  
terms " f o r e c a s t , "  " p r e d i c t i o n , "  and  " p r o j e c t i o n "  a r e  u s e d  i n t e r -  
changeab ly ,  and r e f e r  t o  e s t i m a t e s  o f  f u t u r e  p o p u l a t i o n  v a r i a b l e s  
e x t r a p o l a t e d  from t h e  p a s t .  I n  a d d i t i o n ,  t h e  p a p e r  o n l y  c o n s i d e r s  
p u r e l y  demographic p r o j e c t i o n s  t h a t  d o  n o t  r e l y  o n  exogenous f o r e -  
c a s t s  o f  economic or o t h e r  v a r i a b l e s .  
THE ROLE OF DISAGGREGATION 
D i s a g g r e g a t i n g  demographic d a t a  l e a d s  t o  b e t t e r  p r o j e c t i o n s ,  
b u t  c a u s e s  d a t a  problems.  L e t  u s  examine t h e  r e a s o n s  f o r  d i s a g g r e -  
g a t i o n ~ ,  and t h e n  see how r e l a t i o n a l  models  r e l i e v e  some o f  t h e  
a s s o c i a t e d  problems.  
Component methods a l l o w  f o r e c a s t e r s  t o  i s o l a t e  or more e a s i l y  
i n t e r p r e t  t i m e  t r e n d s .  P e r h a p s  t h e  s i m p l e s t  a p p l i c a t i o n  o f  t h i s  
i d e a  i s  t o  i n d e p e n d e n t l y  c o n s i d e r  b i r t h ,  d e a t h ,  immigra t ion ,  and 
e m i g r a t i o n  r a t e s .  The key i d e a  is  t h a t  t r e n d s  i n  t h e s e  v a r i a b l e s  
may be s i m p l e r  t o  f o r e c a s t  t h a n  t h e  o v e r a l l  growth r a t e .  For  
i n s t a n c e ,  i d e a s  a b o u t  economic c o n d i t i o n s  and c o n t r a c e p t i v e  be- 
h a v i o r  h e l p  u s  t o  e x p l a i n  t r e n d s  i n  t h e  b i r t h  r a t e  and p r e d i c t  
what  w i l l  happen i n  t h e  f u t u r e .  A s l i g h t l y  more complex component 
method makes a  s e p a r a t e  a n a l y s i s  and p r o j e c t i o n  f o r  e a c h  e t h n i c ,  
r a c i a l ,  o r  soc ioeconomic  group.  The i d e a  h e r e  i s  t h a t  s i m p l e  b u t  
d i f f e r e n t  demographic t r e n d s  a p p l y  t o  e a c h  g roup ,  and t h a t  t h e  
s i m p l i c i t y  i s  h idden  i n  t h e  a g g r e g a t e  d a t a .  
D i s a g g r e g a t i o n  a l s o  p e r m i t s  f o r e c a s t e r s  t o  a p p l y  t h e  mathe- 
m a t i c s  o f  p o p u l a t i o n  dynamics t o  p r e d i c t  t h e  e f f e c t  of  a  popula-  
t i o n ' s  a g e  s t r u c t - u r e .  For  i n s t a n c e ,  g i v e n  t h e  same set  o f  age- 
s p e c i f i c  f e r t i l i t y  r a t e s ,  p o p u l a t i o n s  w i t h  a  l a r g e  p r o p o r t i o n  o f  
young women w i l l ,  i n  t h e  s h o r t  r u n ,  have more b i r t h s  t h a n  o t h e r ,  
o l d e r  p o p u l a t i o n s .  Thus a g e - d i s a g g r e g a t i o n ,  t o g e t h e r  w i t h  t h e  
mathemat ics  o f  p o p u i a t i o n  dynamics ,  l e a d s  t o  a  more r e a l i s t i c  
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model o f  demographic growth .  I n  a d d i t i o n ,  a g e - s p e c i f i c  models 
a l s o  l e a d  t o  s i m p l i c i t y  i n  t i m e  p a t t e r n s .  For  i n s t a n c e ,  f l u c t u -  
a t i o n s  i n  t h e  b i r t h  ra te  r e f l e c t  b o t h  a g e  s t r u c t u r e  and age-  
s p e c i f i c  f e r t i l i t y .  The t o t a l  f e r t i l i t y  r a t e ,  on t h e  o t h e r  hand,  
r e f l e c t s  o n l y  f e r t i l i t y  b e h a v i o r ,  and  t h u s  may have s i m p l e r  and 
more e a s i l y  i n t e r p r e t a b l e  t r e n d s .  
F i n a l l y ,  d i s a g g r e g a t i o n  is  o f t e n  i m p o r t a n t  i f  p r o j e c t i o n s  
are t o  r e spond  t o  p o l i c y  q u e s t i o n s .  For  i n s t a n c e ,  i f  w e  are t o  
s t u d y  t h e  e f f e c t  o f  an  immigra t ion  p o l i c y  o r  a  f a m i l y  p l a n n i n g  
program on t h e  o v e r a l l  growth ra te  and t h e  f u t u r e  a g e  d i s t r i b u -  
t i o n ,  a l l  o f  t h e  above v a r i a b l e s  must be  e x p l i c i t l y  modeled. A s  
a n o t h e r  example, f o r e c a s t s  o f  t h e  schoo l -age  p o p u l a t i o n  o b v i o u s l y  
must  depend on a g e - s p e c i f i c  p r o j e c t i o n s .  
The d i f f i c u l t y  w i t h  d i s a g g r e g a t i o n  i s  t h a t  a s  more and more 
r e a l i s m  i s  g a i n e d  by making more d e t a i l e d  models ,  t h e  f o r e c a s t e r  
must  estimate more d a t a  p o i n t s .  These  d a t a  i n c l u d e  b o t h  a de-  
t a i l e d  d e s c r i p t i o n  o f  base -yea r  p o p u l a t i o n  f i g u r e s  and  rates as 
w e l l  as a l a r g e  set o f  f u t u r e  demographic rates.  The p r a c t i c a l  
d i f f i c u l t i e s  o f  g a t h e r i n g  and a n a l y z i n g  t h e s e  d a t a ,  a s  w e l l  as 
s m a l l  sample 'problerns  t h a t  ar ise ,  soon overcome t h e  b e n e f i t s  o f  
d i s a g g r e g a t i o n .  
Mathemat ica l  models  o f  demographic rates  o f f e r  a compromise 
p o s i t i o n .  Such models  r e p r e s e n t  a n  e n t i r e  set  o f  f e r t i l i t y ,  no r -  
t a l i t y ,  o r  m i g r a t i o n  ra tes  w i t h  a  s m a l l  number o f  p a r a m e t e r s .  To 
t h e  e x t e n t  t h a t  t h e s e  models a d e q u a t e l y  r e p r e s e n t  t h e  t r u e  rates,  
t h e y  r e d u c e  and s i m p l i f y  t h e  work i n v o l v e d  i n  e s t i m a t i n g  f u t u r e  
rates. 
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The next sec t ions  describe some recent  progress i n  t he  de- 
velopment of models fo r  demographic r a t e s .  We begin with morta l i ty  
because t h i s  a rea  i s  most developed, and because the  models w e  
describe can be adapted t o  other  s e t s  of demographic r a t e s .  
DEMOGRAPHIC MODELS FOR rllORTALITY 
Demographers have general ly taken one of th ree  approaches t o  
developing morta l i ty  models. The first-mathematical-approach 
attemp.ts t o  f ind  a mathematical formula t o  adequately descr ibe  
some l i f e  t ab l e  funct ion,  usual ly the  force  of mor ta l i ty ,  pt .  
The r e l a t i v e l y  simple Makeham and Gompertz curves o f t en  work well  
3 
over age 3 0 ,  but  not  a t  e a r l i e r  ages. Recently, Pollard has 
developed a six-parameter model fo r  the  complete age span, but  
no simpler version seems adequate. 
The second-empirical-approach at tempts t o  s t a t i s t i c a l l y  
develop a s e t  of numerical l i f e  t ab l e s  t h a t  cover the  range of 
observed tables. '  For many populations these  models a r e  q u i t e  
successful ,  but  t he  numerical form cons t ra ins  the  f l e x i b i l i t y  and 
ease of app l ica t ion  of these  systems. 
The t h i r d  approach, Brass ' s  " r e l a t i ona l "  model and its ex- 
tensions,  o f f e r s  a compromise between the  f l e x i b i l i t y  of the  
mathematical approach and the empirical nature of t he  second ap- 
proach. Because it i s  based on comparisons of s imi l a r  l i f e  t ab l e s  
it i s  espec ia l ly  appropriate  fo r  a forecas t ing model. 
The r e l a t i o n a l  system assumes the exis tence  of a cornon 
"standard" l i f e  t ab l e ,  l s ( x ) .  In  forecas t ing problems, we have 
a s e r i e s  of previous t ab l e s ,  i i ( t ) ,  fo r  time periods (o r  cohor ts )  
denoted by i. The system r e l a t e s  each of t he  l i(t) t o  t he  
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s t a n d a r d  by a s imple  f u n c t i o n ,  hence it i s  c a l l e d  a  " r e l a t i o n a l  
system. "5 S p e c i f i c a l l y ,  l e t  
1 P  l o g i t  ( p )  = 7 l o g  (_-) . 
1  P  
The r e l a t i o n s h i p  of  a  g iven  l i f e  t a b l e  t o  t h e  s t a n d a r d  i s  
l o g i t  [li (t)] = ui + B~ l o g i t  [ls ( t))  . (1  
L e t  u s  f i r s t  c o n s i d e r  under what c o n d i t i o n s  a  group o f  s i m i -  
l a r  l i f e  t a b l e s  can  be d e s c r i b e d  by e q u a t i o n  ( 1 ) .  W e  beg in  w i t h  
an  u n r . e a l i s t i c  assumpt ion t h a t  w e  w i l l  soon drop .  L e t  T be  a  
random v a r i a b l e ,  t h e  l e n g t h  o f  l i f e .  The l i f e  t a b l e  v a l u e s ,  l i ( x )  
are 
li(t) = Prob ( T  - > t) 
t h e  p r o b a b i l i t y  t h a t  a  l i f e  exceeds  t y e a r s .  The u n r e a l i s t i c  as-  
sumption i s  t h a t  T h a s  a  l o g i s t i c  d i s t r i b u t i o n  w i t h  pa rame te r s  
a and B i t  t h a t  i s ,  t h a t  li (t) h a s  t h e  form i 
The l o g i t  f u n c t i o n  i s  t h e  i n v e r s e  o f t h e l o g i s t i c  l i f e  t a b l e  
f u n c t i o n ;  
I f  a l l  l i f e  t a b l e s  r e p r e s e n t e d  l o g i s t i c  d i s t r i b u t i o n s ,  l o g i t s  o f  
a l l  l i f e  t a b l e s  would be l i n e a r  f u n c t i o n s  o f  t .  Thus, i f  w e  de- 
f i n e  
t hen  
Hence f o r  a l l  li (t) ,
Under t h e  r e s t r i c t i v e  assumptions,  a  r e l a t i o n a l  system r e p r e s e n t s  
a l l  l i f e  t a b l e s .  
But w e  can  s u b s t a n t i a l l y  r e l a x  t h e  assumptions  and s t i l l  
mainta in  t h e  l i n e a r  r e l a t i o n s h i p .  For any s p e c i f i c  li(t) w e  can  
f i n d  a  t r ans fo rma t ion  of  t h e  t i m e  a x i s ,  g ( t ) ,  such t h a t  
The t r ans fo rma t ion  g ( t )  may be s imple ,  f o r  i n s t a n c e ,  t a k i n g  
logar i thms  o f  t h e  t i m e  s c a l e ,  o r  it may b e  complex. I f  t h e  same 
g ( t )  t r ans fo rms  each of  a  set  of d i s t r i b u t i o n s  t o  a l o g i s t i c  shape,  
w e  can  r e p r e s e n t  each t a b l e  a s  
I f  we se t  t h e  s t a n d a r d  a s  
\ 
g (t) = l o g i t  
e q u a t i o n  (1 )  s t i l l  holds .  
The s e a r c h  f o r  a t r ans fo rma t ion  o f  t h e  age a x i s  t o  make each 
o f  t h e  observed l i f e  t a b l e s  l o g i s t i c  i s  e q u i v a l e n t  t o  t h e  s ea rch  
f o r  a s t a n d a r d  l i f e  t a b l e  f o r  equa t ion  ( 1 ) .  I f  a  series o f  empir i -  
c a l  l i f e  t a b l e s  e x a c t l y  meet t h e  above c o n d i t i o n s ,  any one t a b l e  
may s e r v e  a s  a  s t a n d a r d  d i s t r i b u t i o n .  F o r e c a s t i n g  i n  t h i s  c a s e  
s imply imp l i e s  e s t i m a t i n g  t h e  h i s t o r i c a l  series of  a and Bi and i 
p r o j e c t i n g  them i n t o  t h e  f u t u r e .  A m u l t i d i m e n s i o n a l  problem h a s  
been reduced t o  a  much s i m p l e r  two-dimensional  problem. 
The form o f  t h e  r e l a t i o n a l  model is e s p e c i a l l y  c o n v e n i e n t  
f o r  f o r e c a s t i n g .  F i r s t ,  i f  a n  a p p r o p r i a t e  s t a n d a r d  c a n  be  found,  
a l l  o f  t h e  t e m p o r a l  v a r i a t i o n  d e s c r i b e d  by t h e  t r a j e c t o r y  
a  and Bi.  O f t e n  t h e s e  t r a j e c t o r i e s  a r e  close t o  s t r a i g h t  l i n e s  i 
o v e r  r e a s o n a b l e  p e r i o d s  o f  t i m e ,  and c a n  s i m p l y  b e  e x t r a p o l a t e d .  
Second, a  and Bi have c o n v e n i e n t  i n t e r p r e t a t i o n s :  a i s  d i r e c t l y ,  i 
b u t  n o t  l i n e a r l y ,  r e l a t e d  t o  t h e  l i f e  expec tancy ;  B i s  i n v e r s e l y  
' r e l a t e d  t o  t h e  s p r e a d  o f  t h e  d i s t r i b u t i o n  around t h e  l i f e  expec-  
t a n c y .  These i n t e r p r e t a t i o n s  a l l o w  f o r e c a s t e r s  t o  b r i n g  s u b j e c -  
t i v e  knowledge o f  l i k e l y  changes  i n  m o r t a l i t y  i n t o  t h e  p r o j e c t i o n .  
O r  f o r e c a s t e r s  c a n  set t a r g e t  v a l u e s  o f  a  and B from s i m i l a r ,  b u t  
more advanced,  c o u n t r i e s ,  and i n t e r p o l a t e  t o  t h e s e  v a l u e s .  T h i r d ,  
w i t h  a  s u f f i c i e n t l y  l o n g  series o f  t a b l e s ,  t h e  c h o i c e  o f  a s t a n d a r d  
l i f e  t a b l e ,  as w e  w i l l  see below, a l l o w s  t h e  f o r e c a s t e r  t o  t u n e  
t h e  f o r e c a s t  t o  a s p e c i f i c  c o u n t r y ,  r a t h e r  t h a n  r e l y i n g  on mathe- 
m a t i c a l  or " u n i v e r s a l "  p a t t e r n s .  F i n a l l y ,  t h e  r e l a t i o n a l  model 
d e s c r i b e s  a c l o s e d  sys tem;  any v a l u e  of  a i  t o g e t h e r  w i t h  a  p o s i -  
t i v e  v a l u e  of Bi r e p r e s e n t s  a p e r n i s s i b l e  l i f e  t a b l e .  L i f e  t a b l e  
v a l u e s  o f  li(t) must  be ,  by d e f i n i t i o n ,  between o n e  and z e r o .  
But  l o g i t  [ l i ( t ) ]  v a r i e s  f r o m  p l u s  t o  minus i n f i n i t y .  The form 
o f  t h e  r e l a t i o n a l  sys tem,  where l o g i t  [ l i ( t ) ]  is a  l i n e a r  f u n c t i o n  
of l o g i t  [ l S  (t) 1, means t h a t  a s  l o n g  as 1, (t) i s  monotone and be- 
tween one  and z e r o ,  l o g i t  [ l s  (t) ] and t h u s  l o g i t  [ l i  (t) ] r a n g e  
from p l u s  t o  minus i n f i n i t y ,  hence  li (t) h a s  t h e  m a t h e m a t i c a l  
form o f  a l i f e  t a b l e  a s  w e l l .  T h i s  means t h a t  f o r e c a s t e r s  c a n  
e x t r a p o l a t e  a  and B f a r  f rom t h e  bounds o f  h i s t o r i c a l  e x p e r i e n c e ,  
and s t i l l  have  a  p r o j e c t e d  li (t)  o f  t h e  p r o p e r  form. 
CHOOSING A STANDARD L I F E  TABLE 
An a p p r o p r i a t e  s t a n d a r d  l i f e  t a h l e  i s  e s s e n t i a l  f o r  good 
m o r t a l i t y  f o r e c a s t s ,  and r e c e n t  work h a s  focused  on t h i s  c h o i c e .  
O r i g i n a l l y  Brass deve loped  two s t a n d a r d s ,  o n e t h a t  r e f l e c t s  A f r i c a n  
m o r t a l i t y  p a t t e r n s ,  and a n o t h e r  based on European p a t t e r n s .  Re- 
c e n t l y  C l a r i n  e t  a l .  have deve loped  a  set o f  f i v e  s t a n d a r d  c u r v e s  
f o r  g e o g r a p h i c a l  r e g i o n s .  But i n  many f o r e c a s t i n g  s i t u a t i o n s ,  
t h e  a v a i l a b i l i t y  o f  a r e a s o n a b l y  long  series o f  h i s t o r i c a l  l i f e  
t a b l e s  c a n  l e a d  t o  a  more a p p r o p r i a t e  c h o i c e  o f  s t a n d a r d .  The 
s i m p l e s t  method is  t o  p i c k  one  o f  t h e  s e r i e s  as a s t a n d a r d .  I f  
e q u a t i o n  ( 1 )  were e x a c t ,  t h e  c h o i c e  would n o t  matter.  But i n  re- 
a l i t y  t h e  model n e v e r  h o l d s  e x a c t l y ,  and a b e t t e r  c h o i c e  c a n  b e  
deve loped  as  a  s o r t  o f  a v e r a g e  of  t h e  obse rved  t a b l e s .  I n  t h i s  
way, p e c u l i a r i t i e s  o f  t h e  i n d i v i d u a l  t a b l e s  c a n  b e  e l i m i n a t e d .  
To d e v e l o p  s u c h  a s t a n d a r d ,  c o n s i d e r  t h e  d a t a  a s  a r e c t a n g u l a r  
a r r a y  o f  v a l u e s ,  li (t  . )  , t h e  ith l i f e  t a b l e  e v a l u a t e d  a t  t h e  j t h  3 
age .  The a g e  p o i n t s ,  t a r e t h e s a m e  f o r  each  t a b l e .  L e t  u s  
1 , 
d e f i n e  
and 
W e  c a l c u l a t e  t h e  y i j  f rom t h e  o r i g i n a l  d a t a ,  b u t  a t  t h e  s ta r t  t h e  
x are unknown. The i m p l i c a t i o n  o f  t h e  Brass model, e q u a t i o n  ( I ) ,  j 
i s  t h e  l i n e a r  model 
S i n c e  t h e  x  as w e l l  as t h e  cri and Bi a r e  unknown, t h e  model i s  j 
a c t u a l l y  a  s i m p l e  case o f  f a c t o r  a n a l y s i s .  
An e s t i m a t i o n  a l g o r i t h m  f o r  t h e  s t a n d a r d  and p a r a m e t e r s  c a n  
c o n s i s t  o f  t h e  i n t e r a t i o n  o f  two steps.7 i f  t h e  x  were known, j 
t h  
we would r e g r e s s  t h e  v a l u e s  i n  t h e  i column o f  y  on t h e  x  i j  j 
v a l u e s  t o  e s t i m a t e  a and B i .  I f  a i  and Bi were known, w e  c o u l d  i 
c o n s t r u c t  y  - a f o r  t h e  jth row of  y  i and r e g r e s s  ( t h r o u g h  i j  i j '  
t h e  o r i g i n )  t h e s e  v a l u e s  on  Bi f o r  a n  e s t i m a t e  o f  x j 
Another  approach  t o  d e v e l o p i n g  a  s t a n d a r d  is t o  i n c r e a s e  t h e  
number o f  p a r a m e t e r s  i n  t h e  sys tem.  zaba8 h a s  e x t e n d e d  B r a s s ' s  
r e l a t i o n a l  sys tem by d e v e l o p i n g ,  th rough  a  Gram-Charl ier  expan- 
s i o n ,  two s t a n d a r d  p a t t e r n s  o f  d e v i a t i o n s  f r o m t h e b a s i c  s t a n d a r d ,  
k ( t )  and s ( t)  . She t h e n  d e f i n e s  a  new s t a n d a r d  
Then t h e  model i s  
T h i s  four -pa ramete r  model f i t s  a  wide r a n g e  o f  l i f e  t a b l e s ,  b u t  
t h e  a d d i t i o n a l  p a r a m e t e r s  a r e  d i f f i c u l t  t o  i n t e r p r e t  and t o  es t i -  
mate w i t h o u t  a  compute r i zed  m i n i m i z a t i o n  p r o c e d u r e .  
Ewbank e t  ~ 2 2 . ~  have deve loped  a n o t h e r  four -pa ramete r  sys tem 
t h a t  h a s  more e a s i l y  i n t e r p r e t e d  and e s t i m a t e d  p a r a m e t e r s .  D e -  
f i n e  
Then, i n s t e a d  o f  e q u a t i o n  (1  ) , model 
I n  t h e  l i m i t ,  a s  K and X gc  t o  ze ro ,  T ( p ; ~ ,  X ) goes  t o  l o g i t  ( p )  . 
Thus, T ( ~ ; K , X )  i s  a g e n e r a l i z a t i o n  of  t h e  l o g i t .  f u n c t i o n .  Heu- 
r i s t i c a l l y ,  a and B r e p r e s e n t  d i f f e r e n c e s  i n  l o c a t i o n  and s c a l e  
between li(t) and t h e  s t a n d a r d ,  and K and X r e p r e s e n t  changes i n  
t h e  shape o f  t h e  d i s t r i b u t i o n  i n  each t a i l .  
Using t h i s  sytem, s t r o n g ,  l i n e a r ,  temporal  p a t t e r n s  o f t e n  
appear  i n  t h e  parameters ,  sugges t ing  t h e  r e g u l a r  p rog res s ion  
necessary  f o r  e x t r a p o l a t i o n .  I n  a d d i t i o n ,  r e g u l a r i t i e s  i n  t h e  
age p a t t e r n  a l s o  appear .  For i n s t a n c e ,  i n  Swedish l i f e  t a b l e s ,  
both K and X have been c o n s i s t e n t l y  l i n e a r l y  r e l a t e d  t o  f3 f o r  
over  two hundred y e a r s .  This  sugges t s  t h a t  a  two-parameter 
model (g iven  t h e  l i n e a r  r e l a t i o n s h i p s )  i s  s u f f i c i e n t  t o  d e s c r i b e  
changes i n  Swedish m o r t a l i t y .  
EXAMPLE: MORTALITY FORXCASTS FOR SWEDEN 
Le t  u s  c o n s i d e r  a n  example t h a t  i l l u s t r a t e s  many o f  t h e  
d i f f i c u l t i e s  o f  demographic f o r e c a s t i n g ,  and t h e  advantages  o f  
r e l a t i o n a l  methods. Suppose a demographer i n  1965 wanted t o  
f o r e c a s t  changes i n  t h e  l i f e  t a b l e  f o r  Swedish males. I choose 
t h i s  d a t e  s o t h a t  w e  can compare t h e  f o r e c a s t s  t o  t h e  e v e n t u a l  l i f e  
t a b l e s  which are now known. W e  have a t  o u r  d i s p o s a l  a l ong  h i s -  
t o r i c a l  series of f i ve -yea r  l i f e  t a b l e s ,  b u t  f o r  t h e  moment con- 
c e n t r a t e  o u r  a t t e n t i o n  on t h e  seven t a b l e s  from 1931 on. F igu re  
shows t h e  t i m e  t r e n d  o f  f i v e  va lues :  
l i ( 6 5 ) ,  and l i ( 8 0 ) .  Simple l i n e a r  e x t r a p o l a t i o n  o f  t h e s e  t r e n d s  
would soon l e a d  t o  imposs ib l e  v a l u e s  o f  li(t) g r e a t e r  t h a n  one. 
S i m i l a r  problems would a r i s e  w i t h  q ( t )  v a l u e s  go ing  below zero .  
One a l t e r n a t i v e  i s  t o  c a l c u l a t e  t h e  v a l u e s  
p l o t t e d  i n  F i g u r e  Ib .  The r ( t )  v a l u e s  have no u p p e r  bound, s o  
e x t r a p o l a t i o n  d o e s  n o t  l e a d  t o  i m p o s s i b l e  v a l u e s .  But  b o t h  t h e  
s l o p e  and t h e  d e g r e e  o f  v a r i a b i l i t y  f o r  r . ( 1 )  i s  much l a r g e r  
1 
t h a n  f o r  r i ( 8 0 ) ,  and t h i s  h e t e r o g e n e i t y  c o u l d  l e a d  t o  c o n f u s i o n  
and i n e f f i c i e n c e s  i n  f o r e c a s t i n g .  The t h i r d  p a n e l  o f  F i g u r e  1 
p l o t s  
1  y i ( t )  = l o g i t  [li(t)] = l o g  r i ( t )  
T h i s  t r a n s f o r m a t i o n  l e a d s  t o  s i m i l a r  s l o p e s  and v a r i a n c e s .  S i n c e  
forecasts r e l y  on  c o n s i s t e n c y ,  e x t r a p o l a t i n g  t r e n d s  i n  y . ( t )  may 
1 
l e a d  t o  b e t t e r  p r o j e c t i o n s .  There  i s  some c u r v a t u r e  i n  t h e  t r e n d s  
i n  F i g u r e  1 ,  b u t  t h e  l a s t  f o u r  o b s e r v a t i o n s  ( t h o s e  a f t e r  t h e  
Second World War) a p p e a r  r e a s o n a b l y  l i n e a r .  E x t r a p o l a t i o n  o f  
t h e s e  t r e n d s  by l e a s t  s q u a r e s  r e g r e s s i o n  l e a d s  t o  P r o j e c t i o n s  1 ,  
2 ,  and 3 o f  li(t) f o r  '66- '70 and '71- '75 i n  T a b l e  1 .  
A l t e r n a t i v e  p r o j e c t i o n s  r e l y  o n  r e l a t i o n a l  models.  F i g u r e  
2a shows t h e  t i m e  t r e n d  o f  t h e  f o u r  p a r a m e t e r s ,  oi,  B i t  K and i' 
h i ,  from t h e  model o f  e q u a t i o n  ( 3 ) .  Here a g a i n ,  t r e n d s  i n  t h e  
f i t t e d  p a r a m e t e r s  a r e  r e a s o n a b l y  l i n e a r  f rom '46- '50 on. One 
p r o j e c t i o n  comes from s i m p l y  e x t r a p o l a t i n g  e a c h  series, t h e n  
c a l c u l a t i n g  t h e  i m p l i e d  v a l u e s  o f  l i ( t) .  The r e s u l t  a p p e a r s  i n  
T a b l e  1  a s  P r o j e c t i o n  4 .  On t h e  o t h e r  hand,  F i g u r e  2b i n d i c a t e s  
t h a t  o i ,  K and hi are e a c h  n e a r l y  l i n e a r l y  r e l a t e d  t o  i' B i t  
c o n s i s t e n t  w i t h  t h e  r e s u l t s  o f  Ewbank e t  al. l o  P r o j e c t i o n  5  i n  
T a b l e  1  i s  based  on t h e  l i n e a r  e x t r a p o l a t i o n  o f  t h e  l a s t  f o u r  
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o b s e r v a t i o n s  of  Bi and a n  e s t i m a t e  of  A and K a s  l i n e a r  func-  i i 
t i o n s  o f  B i t  t h e  l i n e  based  on a l l  seven  p e r i o d s .  
Some v a l u e s  o f  l i ( t)  a r e  e a s i e r  t o  p r e d i c t  t h a n  o t h e r s .  
The changes  i n  l i ( l )  and l i ( 2 0 )  a r e  s o  s m a l l  t h a t  e a c h  p r o j e c -  
t i o n  method g i v e s  good r e s u l t s ,  e x c e p t  t h a t  t h e  e x t r a p o l a t i o n  o f  
t h e  l i ( l )  v a l u e s  l e a d s  t o  v a l u e s  g r e a t e r  t h a n  o n e  by '71- '75.  
The v a l u e s  o f  li (50)  , li (65)  , and li (80)  a r e  i n  g e n e r a l  h a r d e r  
t o  p r e d i c t ;  t h e  a c t u a l  change i n  t h e s e  v a l u e s  was g e n e r a l l y  
s m a l l e r  t h a n  t h e  p r e v i o u s  changes .  
But  g i v e n  t h e s e  d i f f e r e n c e s ,  t h e  r e l a t i o n a l  methods pe r fo rm 
r e a s o n a b l y  w e l l .  P r o j e c t i o n  4 ,  i n d i v i d u a l  e x t r a p o l a t i o n  o f  t h e  
p a r a m e t e r s ,  g i v e s  t h e  b e s t  r e s u l t s ,  w i t h  a n  a v e r a g e  a b s o l u t e  
e r r o r  i n  l i(t) o f  0.0103. The second b e s t  r e s u l t s  a r e  from Pro- 
j e c t i o n  2 ,  e x t r a p o l a t i o n  o f  t h e  r i ( t )  v a l u e s  (0 .0134) ,  and t h e  
t h i r d  b e s t  a r e  from P r o j e c t i o n  5, e x t r a p o l a t i o n  o f  a i ,  u and i' 
A i  a s  f u n c t i o n s  o f  Bi (0 .0164) .  E x t r a p o l a t i o n  o f  t h e  l i(t) 
v a l u e s  and t h e  y i ( t )  v a l u e s  l e a d  t o  s u b s t a n t i a l l y  worse errors 
(0.0241 and 0 .0218) .  
The p o i n t  o f  t h i s  e x e r c i s e  i s  t o  i l l u s t r a t e  t h e  u s e  o f  re- 
l a t i o n a l  methods i n  p o p u l a t i o n  p r o j e c t i o n s ,  and d e m o n s t r a t e  t h a t  
t h e y  l e a d  t o  c o m p e t i t i v e  r e s u l t s .  More comprehensive  p r o s p e c t i v e  
tests would h e l p  t o  d e t e r m i n e  t h e  s o r t s  o f  models t h a t  a r e  l i k e l y  
fo  l e a d  :to d e c e n t  m o r t a l i t y  f o r e c a s t s .  ~ u t . d e m o g r a p h i c  f o r e -  
c a s t e r s  w i l l  always  remain  i n  t h e  p o s i t i o n  o f  e x t r a p o l a t i n g  
t r e n d s ,  and no m a t t e r  how c o n s i s t e n t  p a t t e r n s  have  been i n  t h e  
p a s t , . - t h e r e  i s  n e v e r  a  g u a r a n t e e  t h a t  t h e y  w i l l  c o n t i n u e  i n t o  
t h e  f u t u r e .  
DEMOGRAPHIC MODELS FOR FE2TILITY 
Demographic s t u d i e s  o f  t h e  age  p a t t e r n  of  f e r t i l i t y  d i f f e r  
from m o r t a l i t y  s t u d i e s  i n  two impor tan t  a s p e c t s .  F i r s t ,  f e r t i l -  
i t y  models must t a k e  i n t o  accoun t  t h a t  f e r t i l i t y ,  u n l i k e  mor ta l -  
i t y ,  i s  a  r e p e a t a b l e  e v e n t .  Second, a  d e s c r i p t i o n  o f  f e r t i l i t y  
o f t e n  i n v o l v e s  more socioeconomic o r  b i o l o g i c a l  p r e d i c t o r s  and 
i n t e r m e d i a t e  s t e p s .  
I n  m o r t a l i t y  work models f r e q u e n t l y  r e p r e s e n t  l ( t ) ,  a cumu- 
l a t i v e  v a r i a b l e ,  r a t h e r  t h a n  u t ,  an a g e - s p e c i f i c  v a r i a b l e .  The 
r ea sons  f o r  t h i s  a r e  t h a t  (1)  1 ( t )  , and.  e s p e c i a l l y  l o g i t  [ l  (t) 1 , 
are conven i en t  t o  model mathemat ica l ly ,  and ' (2) l  1 (t) h i d e s  some 
small i r r e g u l a r i t i e s  i n  u t  t h a t  a r e  ha rd  t o  model and n o t  impor- 
t a n t  f o r  p r o j e c t i o n  o r  e s t i m a t i o n .  The c o s t  i s  t h a t  changes  i n  
cumula t ive  v a r i a b l e s ,  l i k e  l ( t ) ,  a r e  h a r d e r  t o  unders tand  t h a n  
changes i n  a g e - s p e c i f i c  f u n c t i o n s  such a s  u t '  S i n c e  f e r t i l i t y  
i s  r e p e a t a b l e ,  i t s  fundamental  measure i s  t h e  i n t e n s i t y  o f  f e r -  
t i l i t y  a t  age  t, f  ( t )  , which i s  analogous  t o  p r a t h e r  t h a n  t o  t 
l ( t ) .  To g a i n  t h e  advan tages  o f  a  cumulated f u n c t i o n ,  demogra- 
phe r s  o f t e n  s t udy  
But,  u n l i k e  l ( t ) ,  F ( t )  i s  n o t  c o n s t r a i n e d  between z e r o  and one. 
To a c h i e v e  t h e  form of a  cumula t ive  p r o b a b i l i t y  d i s t r i b u t i o n ,  
demographers c a l c u l a t e  F '  ( t )  = F ( t)  /F (50)  , and model F '  ( t )  by 
methods s i m i l a r  t o  t h o s e  developed f o r  l ( t ) .  The ccst i s  an 
a d d i t i o n a l  pa ramete r ,  F ( 5 0 ) ,  e x t e r n a l  t o  t h e  model. 
Because o f  t h e  many t h e o r i e s  abou t  t h e   determinant.^ of  f e r -  
t i l i t y ,  and d a t a  a v a i l a b i l i t y  by age ,  m a r i t a l  s t a t u s ,  p a r i t y ,  
marital duration, and other descriptors, there is a wide variety 
of functions to model. In addition, there is frequently a choice 
between period and cohort measures. All of these choices can be 
expressed by a fucction of the form F(t), so the models described 
below are potentially applicable to any of these functions. 
Three criteria should decide the choice of fertility function: 
( 1 ) data availability, (2) theoretical considerations, and (3) 
an examination of historical values to determine if the model 
fits well and yields sensible parametric trends. 
As for mortality, there are a number of mathematical and 
empirical models for fertility. Hoem et a t .  discuss and test a 
number of these models, including mathematical curves such as 
the Hadwigen function, gamma and beta densities, polynomials, 
splines, Gompertz curves, and the empirical Coale-Trussell model. 1 1  
The number of parameters in these models ranges from three to 
ten. 
For the same reasons as in mortality studies, relational 
methods show promise for forecasting. The raw material for re- 
lational fertility projections is a set of historical cumulative 
fertility curves, Fi(t), where t can be age, duration of marriage, 
or some other variable, and i indexes time. The first step is 
to divide Fi(t) by Fi(50), and project Fi(50) as a separate param- 
eter. Then apply relational methods to the normalized cumulative, 
Fi' (t) . 
There is no mathematical reason why the logit-based methods 
of the previous sections could not be applied to fertility 
studies. There is, of course, the question of choosing an ap- 
propriate standard. 
For  e m p i r i c a l  r e a s o n s ,  a  s l i g h t l y  d i f f e r e n t  form i s  o f t e n  
used.  B ra s s  has  i n t r o d u c e d  t h e  r e l a t i o n a l  Gompertz form i n  
which t h e  f u n c t i o n  l o g  [ -  l o g  ( p ) ]  r e p l a c e d  l o g i t  ( p ) .  l 2  The 
r ea son ing  i s  s i m i l a r  t o  t h a t  developed e a r l i e r  f o r  t h e  l o g i t  
model. I f  a l l  f e r t i l i t y  c u r v e s  had a  Gompertz shape  
t hen  f o r  a l l  i 
109 1 - 109 [ F ~ I  (t)] 1 = l o g  [- l o g  (Ai)]  +-  (t  - to) l o g  (Bi)  
Hence f o r  some s t a n d a r d  d i s t r i b u t i o n  F s i ( t )  
l o g  1- l o g  [ ~ ~ g ( t ) ] j  = ai  + B~ 1 0 9 1 -  l o g  [ ~ ~ l i t ) ] l  . ( 4 )  
A s  l ong  a s  t h e r e  i s  some trai- sfo or mat ion of  t h e  t i m e  sczle  t o  make 
a l l  o f  t h e  c u r v e s  i n t o  t h e  Gompertz form, e q u a t i o n  ( 4 )  ho ld s .  
The key i d e a  i s  t h a t  f o r  a  h i s t o r i c a l  series of  r e l a t e d  f e r t i l i t y  
cu rves  such a : t r a n s f o r m a t i o n  i s  l i k e l y  t o  e x i s t .  The mechanics 
of f i t t i n g  a i r  B i t  and t h e  s t a n d a r d  FS' ( t)  are j u s t  as i n  m o r t a l i t y  
a n a l y s i s .  
Breckenr idge h a s  i n t r o d u c e d  a  similar ,  b u t  more g e n e r a l ,  
model i n  t h e  s t udy  o f  changes  i n  t h e  age  p a t t e r n  o f  Swedish f e r -  
t i l i t y  between 1775 and 1959. l 3  Def in ing  y i j  a s  
s h e  f i t s  t h e  model 
t o  t h e  t i m e  series of  f e r t i l i t y  c u r v e s ,  e s t i m a t i n g  bo th  t h e  t i m e  
paramete rs  a i  and Bi and age  f u n c t i o n s  A and B j The f l e x i b i l i t y  j 
of t h i s  model, i n  t h a t  " s t anda rds"  A .  and B a r e  e s t ima ted  from 
I j  
t h e  d a t a  series r a t h e r  t han  taken a s  g iven ,  l e a d s  t o  c l o s e r  f i t s .  
Breckenr idge ' s  a n a l y s i s  o f  cohor t  and pe r iod  m a r i t a l  and t o t a l  
f e r t i l i t y  l e a d s  t o  s t a b l e  and p r e d i c t a b l e  t r e n d s  i n  a i  and Bi.  
TIME SERIES ANALYSIS 
Modern methods of  t i m e  series a n a l y s i s  and f o r e c a s t i n g ,  1 4  
are becoming i n c r e a s i n g l y  used i n  demography. Two c o n d i t i o n s  
must apply f o r  t h e s e  methods t o  be used.  F i r s t ,  t h e  covar iance  
s t r u c t u r e  o f  t h e  t i m e  series v a r i a b l e  must be s t a b l e ,  and second, 
t h e  number of d a t a  p o i n t s  must be l a r g e  enough, u s u a l l y  a t  l e a s t  
50, t o  i d e n t i f y  t h e  s t r u c t u r e .  Checking f o r  s t a b i l i t y  and iden- 
t i f y i n g  t h e  s t r u c t u r e  of  t h e  series r e q u i r e s  a good d e a l  o f  ex- 
p l o r a t i o n  and thought .  R e l a t i o n a l  met.hods reduce  t h e  dimension- 
a l i t y  o f  t h e  problem. I f  t h e  models adequa te ly  r e p r e s e n t  t h e  
changes i n  a g e - s p e c i f i c  r a t e s ,  f o r e c a s t e r s  can  c o n c e 2 t r a t e  t h e i r  
e f f e c t s  on ana lyz ing  and p r o j e c t i n g  a much sma l l e r  number of 
parameters .  
There are t h r e e  s o r t s  of e r r o r s  i n  popu la t ion  p r o j e c t i o n s .  
F i r s t ,  t h e r e  are e r r o r s  i n  t h e  s t a r t i n g  v a l u e s  and e s t i m a t e s  of  
c u r r e n t  v i t a l  rates. Second, t h e r e  i s  s t o c h a s t i c  v a r i a t i o n  i n  
t h e  a c t u a l  number o f  b i r t h s  and d e a t h s ,  g iven  t h e  p r o j e c t e d  f e r -  
t i l i t y  and m o r t a l i t y  r a t e s .  Thi rd ,  and perhaps  most impor tan t ,  
t h e r e  are e r r o r s  i n  t h e  p r e d i c t e d  f e r t i l i t y  and m o r t a l i t y  r a t e s  
themselves .  I f  t h e  t i m e  series a n a l y s i s  o f  t h e  r e l a t i o n a l  
parameters  i s  s ~ ~ c c e s s u l  i n c a p t u r i n g  t h e  v a r i a t i o n  i n  v i t a l  r a t e s ,  
conf idence  i n t e r v a l s  f o r  t h e  parameter f o r e c a s t s  from t h e  t i m e  
series a n l a y s i s  could l e a d  t o  r e a l i s t i c  i n t e r v a l s  f o r  t h e  pro- 
j e c t e d  popula t ion .  
DEMOGRAPHIC PATTERNS 
I n  t h e  i n t r o d u c t i o n  w e  c o n s i d e r e d  two t y p e s  o f  demographic 
p a t t e r n s :  a g e  and t i m e .  L i n e a r i t y  i s  t h e  key t o  d e t e c t i n g  and 
e x t r a p o l a t i n g  p a t t e r n s ,  and r e l a t i o n a l  methods p r o v i d e  t h i s  
l i n e a r i t y .  
For e f f e c t i v e  p r o j e c t i o n ,  models must m e e t  two c r i t e r i a .  
F i r s t ,  t h e  models  s h o u l d  a d e q u a t e l y  f i t  t h e  h i s t o r i c a l  series o f  
a g e - s p e c i f i c  ra tes .  Only i f  t h i s  i s  t r u e  do w e  have any c o n f i -  
dence  i n  t h e  e x t r a p o l a t i o n  t e c h n i q u e .  A l l  o f  t h e  r e l a t i o n a l  
methods have  t h e  p r o p e r t y  t h a t  some f u n c t i o n - l o g i t  [ l i ( t ) ] ,  
log{- log  [ ~ ~ ' ( t ) ] }  o r  [ ~ ~ ' ( t ) ] ~ ~  - [ I  - F  ' (t) 1 'I2-is l i n e a r l y  
r e l a t e d  t o  a " s t a n d a r d . "  L i n e a r i t y  means t h a t  g r a p h i c a l  a n a l y -  
sis p r o v i d e s  a n  e f f e c t i v e  tes t  o f  model v a l i d i t y ,  o r  s u g g e s t s  
more a p p r o p r i a t e  a l t e r n a t i v e s .  The a b i l i t y  t o  choose  a s t a n d a r d  
based  on t h e  s e r i e s  b e i n g  p r o j e c t e d  i n c r e a s e s  t h e  l i k e l i h o o d  o f  
a good f i t .  
Second, t h e  models shou ld  i n v o l v e  a s m a l l  number o f  i n t e r -  
p r e t a b l e  p a r a m e t e r s  t h a t  v a r y  s y s t e m a t i c a l l y  i n  t i m e .  I n t e r p r e t -  
a b i l i t y  means t h a t  e x t e r n a l ,  s u b j e c t i v e  i n f o r m a t i o n  c a n  be  b r o u g h t  
i n t o  t h e  f o r e c a s t i n g  p r o c e s s .  The s i m p l e s t  s y s t e m a t i c  t empora l  
p a t t e r n  t o  d e t e c t  and p r o j e c t  i s  a  l i n e ,  and t h e  t i m e  p a t t e r n  o f  
r e l a t i o n a l  p a r a m e t e r s  o f t e n  is  l i n e a r .  Fur the rmore ,  t h e  mathe- 
m a t i c a l  form o f  r e l a t i o n a l  models e n s u r e s  t h a t ,  f o r  a wide r a n g e  
of  obse rved  and e x t r a p o l a t e d  pa ramete r  v a l u e s ,  t h e  models  r e p r e -  
s e n t  r ea l i s t i c  a g e  p a t t e r n s  of  m o r t a l i t y  and f e r t i l i t y .  
I n  c o n c l u s i o n ,  t h e  combinat ion  o f  f l e x i b i l i t y ,  i n t e r p r e t -  
a b i l i t y ,  and l i n e a r i t y  i n  r e l a t i o n a l  models makes them a good 
c h o i c e  f o r  t h e  s t u d y  and p r o j e c t i o n  o f  f e r t i l i t y  and m o r t a l i t y  
r a t e s .  
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Figu re  1. Time trends in 1. (t) , ri (t) and yi (t) for Swedish male 
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F i g u r e  2 .  T ime  t r e n d s  i n  p a r a n e t e r s  o f  Swedish male l i f e  t a b l e s  
( a ) ,  and r e l a t i o n s h i p  o f  a ,  X ,  and K t o  B (5). 
